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Abstract: First, we give the definition for quasi-nearly subharmonic functions, now for gen- 
eral, not necessarily nonnegative functions, unlike previously. We point out that our function 
class incudes, among others, quasisubharmonic functions, nearly subharmonic functions (in 
a sHghtly generaHzed sense) and almost subharmonic functions. We also give some basic 
properties of quasi-nearly subharmonic functions. Second, after recaUing some of the exist- 
ing subharmonicity results of separately subharmonic functions, we give the corresponding 
counterparts for separately quasi-nearly subharmonic functions, thus improving previous re- 
sults of ours, of Lelong, of Avanissian and of Arsove. Third, we give two results concerning 
the subharmonicity of a function subharmonic with respect to the first variable and harmonic 
with respect to the second variable. The first result improves a result of Arsove, concerning 
the case when the function has, in addition, locally a negative integrable minorant. The sec- 
ond result improves a result of Kolodziej and Thorbiornson concerning the subharmonicity 
of a function subharmonic and in the first variable and harmonic in the second. 
Key words: Subharmonic, harmonic, quasi-nearly subharmonic, Harnack, separately sub- 
harmonic, integrability condition, generaHzed Laplacian. 

1. Introduction 

1.1. Separately subharmonic functions. Solving a long standing problem, Wiegerinck 
[Wi88, Theorem, p. 770], see also [WZ91, Theorem 1, p. 246], showed that a separately 
subharmonic function need not be subharmonic. On the other hand, Armitage and Gardiner 
[AG93, Theorem 1, p. 256] showed that a separately subharmonic function m in a domain Q 
in K™+", m > n > 2, is subharmonic provided 0(log^M+) is locally integrable in fl, where 
(f> : [0, +oo) [0, +oo) is an increasing function such that 

-t-oo 

(1) J s("~l)/('"-l)(0(s))-l/("-l)ds < +00. 
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Armitage's and Gardiner's result includes the previous results of Lelong [Le45, Theoreme 1 bis, 
p. 315], of Avanissian [Av61, Theoreme 9, p. 140], see also [Her71, Theorem, p. 31], of Arsove 
[Ar66, Theorem 1, p. 622] and ours: 

Theorem A. ([Ri89, Theorem 1, p. 69]) Let fl be a domain in M™+", m,n> 2. Let 
u : fl [— oo, +oo) be such that 

(a) for each y € R" the function 

il(?/) 3 X u{x, y) £ [— oo, -|-co) 



is subharmonic, 
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(b) for each x € the function 

Q,{x) 9 y 1-^ u{x^ y) € [—00, +00) 

is subharmonic, 

(c) for some p > there is a function v € such that u <v. 
Then u is subharmonic in f2. 

Instead of (c), Lelong and Avanissian used the stronger assumption that the function 
is locally bounded above, and Arsove the assumption that the function has a locally inte- 
grable majorant. Though the result of Armitage and Gardiner is even "almost" sharp, it is, 
nevertheless, relevant to try to find both new proofs and generalizations also to the previ- 
ous results. This is justified because of two reasons. First, our iLj'^j.-integrability condition, 
p > 0, is, unlike the condition of Armitage and Gardiner (1), very simple, and second, more 
importantly, Armitage's and Gardiner's proof is based on the results of Lelong and Avanis- 
sian, or, alternatively, on the more general result of Arsove or on our Theorem A above, 
say. 

1.2. Functions subharmonic in one variable and harmonic in the other. An open 
problem is, whether a function which is subharmonic in one variable and harmonic in the 
other, is subharmonic. For results on this area, see e.g. [Ar66], [Im90], [WZ91], [CS93] and 
[KT96] and the references therein. We consider here a result of Arsove, Theorem B below, 
and a result of Kolodziej and Thorbiornson, Theorem C below. Observe that the situation 
here is similar with that pointed out above in 1.1: The proofs of these theorems (and also 
the proofs of our improvements, see Theorems 4 and 5 below), are again based on the cited 
result of Lelong and Avanissian, or, alternatively, on the results of Arsove and ours, say. 

Theorem B. ([Ar66, Theorem 2, p. 622]) Let fl be a domain in M™+", m,n>2. Let 
u : ^ R 6e such that 

(a) for each y € K" the function 

f2(j/) 3 X u{x, y) &M. 

is subharmonic, 

(b) for each x € the function 

fl{x) 9 y I— > u{x, y) gM. 

is harmonic, 

(c) there is a nonnegative function (p € ^/^^^(ri) such that —ip < u. 
Then u is subharmonic in f2. 

Arsove's proof was based on mean value operators. Much later Cegrell and Sadullaev 
[CS93, Theorem 3.1, p. 82] gave a new proof using Poisson modification. In Theorem 2, in 
its Corollary and in Theorem 3 below we give generalizations to this result. 

Kolodziej and Thorbiornson gave the following result. 

Theorem C. ([KT96, Theorem 1, p. 463]) Let Q be a domain in M™+", m,n > 2. Let 
u : fl ^ m be such that 

(a) for each y € M"" the function 

r2(y) 3 X u{x, y) e M 

is subharmonic and G^, 

(b) for each x € the function 

Cl{x) 3 y u{x, y) gM. 

is harmonic. 
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Then u is subharmonic and continuous in fl. 



In [Ri07i, Theorem 6, p. 233] and [Ri072, Theorem 1, p. 438, and Theorem 2, pp. 442- 
443] we improved the above result of Kolodziej and Thorbiornson. Now in Theorem 4 and 
Theorem 5 below we improve these results still further. Instead of the standard Laplacians 
of functions we will use generalized Laplacians, that is, the Blaschke-Privalov operators. 

2. Notation, subharmonic functions, generalizations, and properties 

2.1. Notation. Our notation is rather standard, see e.g. [Ri06i] and [Her71]. mjv is 
the Lebesgue measure in the EucHdean space M^, N > 2. We write for the Lebesgue 

measure of the unit ball B^{0, 1) in M^, thus z/jv = m]y{B^{0, 1)). D is a domain of M^. 
The complex space C" is identified with the real space M^", n > 1. Constants will be denoted 
by C and K. They will be nonnegative and may vary from line to line. 

2.2. Subharmonic functions and generalizations. We recall that an upper semicon- 
tinuous function u \ D ^ [— oo,+oo) is subharmonic if for all B^{x,r) C D, 



The function u = —cc is considered subharmonic. 

We say that a function u : D ^ [— oo, +00) is nearly subharmonic, if u is Lebesgue 
measurable, u+ e L>\^^{D), and for all B^{x,r) C D, 



Observe that in the standard definition of nearly subharmonic functions one uses the sHghtly 
stronger assumption that u e Zl^^{D), see e.g. [Her71, p. 14]. However, our above, sHghtly 
more general definition seems to be more practical, see below Proposition 1 (iii) and Propo- 
sition 2 (vi) and (vii). Proceeding as in [Her71, proof of Theorem 1, pp. 14-15] (and referring 
also to Proposition 1 (iii) and Proposition 2 (vii), see below) one obtains the following result: 

Lemma. Let D be a domain in M^^, N > 2. Let u : D ^ [—00, +00) be Lebesgue 
measurable. Then u is nearly subharmonic in D if and only if there exists a function u* , 
subharmonic in D such that u* > u and u* = u almost everywhere in D. Here u* is the 
lowest upper semicontinuous majorant of u: 



u* is called the regularized subharmonic function to u. 

Observe also that almost subharmonic functions, in the sense of Szpilrajn [Sz33] (see also 
[Ra37, 3.30, p. 20] and [LLOl, p. 238]; Lieb and Loss even call this class briefiy subharmonic 
functions!), are, more or less, included in our definition of nearly suVjharmonic functions, in 
the following sense. Let u : D ^ [—00,-1-00) be almost subharmonic, that is u G -^loci^) 
and for almost every x € D and for every r > such that B{x,r) C D the mean value 
inequality (2) is satisfied. Let 




SW(x,r) 



(2) 




u*{x) = hmsupM(a;'). 




3 



and let A := D\ Di. Define u : D ^ [—00, +00) 




u{x) when x £ Di, 
—00 when X <E A. 



Since by assumption m,]^(A) = 0, it is easy to see that u is nearly subharnionic in D. 

The previous definition for quasi-nearly subharnionic functions was restricted to non- 
negative functions, see [Pa94], [Mi96], [RiOO], [PROS], [Ri05], [Ri06i]. Now we say that 
a Lebesgue measurable function u : D — > [—00, +00) is K -quasi-nearly subharmonic, if 

e £]^Qp(-D) and if there is a constant K = K(N,u, D) > 1 such that for all x € -D and 
r > such that B^{x,r) C D, one has 



B"(a;,r) 

for all M > 0, where Um '■= max{u, — M} + M. A function u : D ^ [—00, +00) is quasi- 
nearly subharmonic, if u is iV'-quasi-nearly subharmonic in D for some K > 1. 

In addition to the above defined class of quasi-nearly subharmonic functions, we will 
consider also a proper subclass. A Lebesgue measurable function u : D ^ [—00, +00) is 
K -quasi-nearly subharmonic n.s. (in the narrow sense), if € iil^^{D) and if there is a 
constant K = K{N,u,D) > 1 such that for all B^{x,r) C D, one has 



A function 11 : D [—00, +00) is quasi-nearly subharmonic n.s., if u is /T-quasi-nearly 
subharmonic n.s. in D for some K > 1. 

Observe that already Domar in [Do57, p. 430] has pointed out the relevance of the class 
of (nonnegative) quasi-nearly subharmonic functions. For, at least partly, an even more 
general function class, sec [D088]. 

As an example of a subclass of quasi-nearly subharmonic functions, and as a counterpart 
to nonnegative harmonic functions we recall the definition of Harnack functions, see [Vu82, 
p. 259]. Suppose for a while that D ^ R^. A continuous function u : D [0, -|-cxd) is a 
X-Harnack function, if there are constants A G (0, 1) and Cx = C(A) > 1 such that 



whenever B^{x,r) C D. It is well-known that for each compact set 7^ in £> there 
exists a smallest constant C{F) > C\ depending only on N , X, Cx and F such that for all 
u satisfying the above condition. 



A continuous function u : D [0, +00) is a Harnack function, if it is a A-Harnack function 
for some A € (0, 1). 

2.3. The defined function classes, quasi-nearly subharmonic functions, quasi-nearly sub- 
harmonic functions n.s. and Harnack functions, are all natural, they have important and 
interesting properties and, at the same time, they are large. See e.g. [Pa94], [Mi96], [RiOO], 
[PROS], [Ri05], [Ri06i], [VuS2], and Propositions 1 and 2 below. We recall here only that 
these function classes include, among others, subharmonic functions, and, more generally, 
quasisubharmonic (see e.g. [Br3S], [Le45, p. 309], [Av61, p. 136], [Her71, p. 26]) and also 
nearly subharmonic functions (see e.g. [Her71, p. 14]), also functions satisfying certain 





max u{z) < Cx min u(z) 



inaxu{z) < C{F) min'u(2;). 
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natural growth conditions, especially certain eigenfunctions, and polyharmonic functions. 
Especially, the class of Harnack functions includes, among others, nonnegative harmonic 
functions as well as nonnegative solutions of some elliptic equations. In particular, the par- 
tial differential equations associated with quasiregular mappings belong to this family of 
elliptic equations, see [Vu82]. 

To motivate the above defined function classes, the class of quasi-near ly subharmonic 
functions and the class of quasi-nearly subharmonic n.s. functions, even more, we give below 
four simple examples. 

Example 1. Let D be a domain in M^, N > 2. Any Lebesgue measurable function 

u : D ^ [rn. M], where < m < M < +oo, is quasi-nearly subharmonic, and, because of 
Proposition 1 (i), also quasi-nearly subharmonic n.s. If u is moreover continuous, it is even 
a Harnack function, see [Vu82, pp. 259, 263]. 

Example 2. The function u : ^ R, 



u{x,y) := 



— 1, when y < 0, 
1, when y > 0, 

is 2-quasi-nearly subharmonic, but not quasi-nearly subharmonic n.s. 

Example 3. Let D = (0, 2) x (0, 1), let c < be arbitrary. Let C £> be a Borel set of 
zero Lebesgue measure. Let u: D ^ [— oo,+oo), 

c, when (x, y) e E, 
u{x, y) :— < 1, when {x,y) e D\E and < a; < 1, 
_ 2, when {x,y) G D\E and 1 < a; < 2. 

The function u attains both negative and positive values, it is 2-quasi-nearly subharmonic 
n.s, but not nearly subharmonic. Recall that previously we have considered only nonnegative 
quasi-nearly subharmonic functions. 

Example 4. Let D he a domain in ]R^, N > 2, and let u : D ^ [—00,-1-00) be any 
quasi-nearly subharmonic function n.s. Let E C D he a Borel set of zero Lebesgue measure. 
Let V : D ^ [—00, -|-c»). 



v{x,y) := 



—00, when {x, y) G i?, 
u{x,y), when {x,y)GD\E. 

The function v is clearly quasi-nearly subharmonic n.s. 

For the convenience of the reader we recall the following definition, see also [PROS, 
Lemma 1 and Remark 1, p. 93]. 

A function ib : [0, +00) [0, -l-oo) is permissible, if there exists an increasing (strictly 
or not), convex function ipi : [0, -|-oo) [0, -|-oo) and a strictly increasing surjection 
V'2 : [0, -|-oo) — > [0, -|-oo) such that V' = V'2 ° V'l ^-^d such that the following conditions are 
satisfied: 

(a) ■01 satisfies the zi2-condition, 

(b) satisfies the zi2-condition, 

(c) the function t 1— > ^M^i is quasi- decreasing, i.e. there is a constant C = C{ip2) > 



t 

such that 



Ms) >(^.V'2(i) 



s ~ t 
for all < .s < t. 

Recall that a function ip : [0, -|-oo) [0, -|-oo) satisfies the A^- condition, if there is a constant 
C = C{ip) > 1 such that ip{2t) < Cip{t) for all t e [0, +00). 



Examples of permissible functions are: tpi{t) =V ,p> 0, and V'2(i) = ct''"^^og{5 , 
c>0, 0<a<l, i5>l, /3, 7eM such that 0<a + /37< 1, and p>l. And also functions 
of the form tp^ = (f) o if, where (p : [0, +oo) [0, +oo) is a concave surjection whose inverse 
(/>~^ satisfies the A2-condition and : [0, +oo) [0, +oo) is an increasing, convex function 
satisfying the A2-condition. 

2.4. Properties. In Proposition 1 and Proposition 2 below wc collect some of the basic 
properties of the above defined function classes. For the properties (iv) of Proposition 1, and 
(iii), (v) and (vi) of Proposition 2, see already [PROS, Proposition 1, Theorem A, Corollary 1 
and Theorem B, p. 91], [Ri89, Lemma, p. 69] and the references therein. 

Proposition 1. Let D be a domain in M.^ , N > 2. 

(i) If u : D [0; +oo) is Lehesgue measurable and u G fil^^{D), then u is K-quasi- 
nearly subliarmonic if and only if u is K-quasi-nearly subliarmonic n.s., tliat is, if 



(ii) Ifu : D — > [— oo, +oo) is K-quasi-nearly subharmonic n.s., then u is K-quasi-nearly 
subharmonic in D, but not necessarily conversely. 

(iii) A function u : D [— oo,+oo) is 1-quasi-nearly subharmonic if and only if it is 
nearly subharmonic, that is, it is 1-quasi-nearly subharmonic n.s. 

(iv) If u : D ^ [0, +oo) is quasi-nearly subharm,onic and ip : [0, +oo) —^ [0, +oo) is 
permissible, then ip o u is quasi-nearly subharmonic in D. 

(v) Harnack functions are quasi-nearly subharmonic. 

Proof. For the proof of (iv), see [Ri06i, Lemma 2.1, p. 32]. We leave the cases (i), (ii), (v) 
to the reader. To prove the case (iii) suppose that u is nearly subharmonic in D. Then 
clearly um is nearly subharmonic for all M > 0, and thus for all a; G £> and r > such that 
B^{x,r) C D, one has 



Hence u is 1-quasi-nearly subharmonic. 

On the other hand, if u is 1-quasi-nearly subharmonic in D, then one sees at once, with 
the aid of Lebesgue Monotone Convergence Theorem, that u is nearly subharmonic in D. 



Proposition 2. Let D be a domain in R , N > 2. 

(i) If u : £) — > [— oo, +oo) is K\-quasi-nearly subharmonic and K2 > K\, then u is 
K2-quasi-nearly subharmonic in D. 

(ii) If Ui : D ^ [— oo,-|-oo) and U2 '■ D ^ [— oo,+cxd) are K-quasi-nearly subharmonic 
n.s., then AiUi + A2U2 is K-quasi-nearly subharmonic n.s. in D for all Ai, A2 > 0. 

(iii) If u : D ^ [—00, +00) is quasi-nearly subharmonic, then u is locally bounded above 
in D. 

(iv) If Uj : D [—00, +00), j = 1,2,..., are K-quasi-nearly subharmonic (resp. K- 
quasi-nearly subharmonic n.s.), and Uj \ u as j +00, then u is K-quasi-nearly 
subharmonic (resp. K-quasi-nearly subharmonic n.s.) in D. 

(v) If u : £> — > [—00, +00) is Ki-quasi-nearly subharmonic and v : D ^ [—00, +00) 
is K2- quasi-nearly subharmonic, then max{u,w} is max{Ki, K2}- quasi-nearly sub- 
harmonic in D. Especially, m+ := maxjit, 0} is Ki- quasi-nearly subharmonic in 



for all B^{x,r) C D, 





B(x,r) 



□ 



D. 
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(vi) Let 3^ be a family of K-quasi-nearly subharmonic (resp. K-quasi-nearly subharmonic 
n.s.) functions in D and let w := sup„ggrM. If w is Lebesgue measurable and w'^ € 
'^ioc(^)' then w is K-quasi-nearly subharmonic (resp. K-quasi-nearly subharmonic 
n.s.) in D. 

(vii) If u : D ^ [—00, +00) is quasi-nearly subharmonic n.s., then either u = —00 or u 
is finite almost everywhere in D, and u € lil^^{D). 

Remark. Related to (ii) above, it is easy to see that, if u : D — > [—00, +00) is -ft'-quasi- 
ncarly subharmonic, thon Xu+C is /^-quasi-ncarly subharmonic in D for all A > and C > 0. 
However, at present we do not know whether AiUi + A2U2 is if-quasi-nearly subharmonic 
provided Ui : — > [—00, +00) and U2 ■ D ^ [—00, +00) are ii'-quasi-nearly subharmonic 
and Ai, A2 > 0. 

Proof of Proposition 2. We leave the rather easy cases (i)-(vi) to the reader and prove only 
(vii). Our proof is nearly verbatim the same as [Hel69, proof of Theorem 4.10, p. 66], except 
perhaps in a couple of the last lines of the proof. 

By (vi) u"*" is quasi-nearly subharmonic n.s., and by (iii) locally bounded above in D. 
Therefore, for each B{x,r) C D, the integral 



is defined either as —00 or as a finite real number. Suppose that — cxd < u{xo) for some 
Xo€ D. Then 



Therefore there exists ro > such that u{x) € M. for almost every x € {xQ,rQ). 
Write 

H := {x G D : u{y) finite for almost every y G B{x, r) for some r > s.t. B^{x, r) C D}. 

From above it follows that H ^ It is easy to see that H is open. To show that H 
is closed in D, take a sequence Xj G iJ, 7 = 1, 2, . . . , Xj x* as j +00. Take r* > 
such that B^{x*,r*) C D. Choose xj^ G HnB^{x*, ^). Then there is rj^ > such 
that u{x) e K for almost every x G B^ [xj^^Vj^). Hence also ^(a;) € K for almost every 
X e {xj„,rjg) n B^ {x* , ^). Let A be the set of such points. Clearly A is of positive 
measure. Choose x G A. Then 



Hence u(.t) G K for almost every x G B^{x/—). On the other hand, x* G i3^(.T, ^). 
Thus X* has a neighborhood B^{x* ,5) C B^{x, ^) such that u{x) G M for almost every 
X e B^{x*,S). Hence x* € H. Since D is connected, H = D. 

To show that u £ iil^^{D), take B^{xo,ro) C D arbitrarily. We know that for each 
x G B^{xo,ro) there is r^; > such that u{y) G M for almost every y G B^{x,rx). Then 




B(x.r) 





B'^ix, e B'^{xo,ro), 



is an open cover of the compact set B^ {xo,ro). Hence we find a finite subcover 

B^'ixi, n), B^{x2,r2), . . . , B''{xk,rk). 
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We may suppose that u{xj) € M for all j = 1, 2, . . . , fc. One achieves this just replacing Xj, if 
necessary, by a nearby point x* , and possibly increasing rj a little bit, j = 1, 2, . . . , fc. Then 



K f 

-oo <u{xj)< TT / u{y)dmN{y), j = l,2,...,k. 

fN r" J 

B«(rr,,r,) 

By (iii) above, there is a constant C > such that u{y) < u'^{y) < C < +oo for 
each y e B^{xi,ri) U WUx^^ U • • • U B^{xk,rk). Therefore u{y) - C < for each y e 
B^(a;i,ri) U B^(a;2,r2) U • • • U B^{xk,rk), and we get 

-oo < ^ i^JV rj^ < ^ if • y u{y)dmN{y) 

fe 



<K-Y, J i<y) - C)dmN{y) +K-C-Y, m.N{B^{xj,rj)) 
<Jf- j iu{y)-C)dmN{y)+K-C-^mN{B''ixj,rj)) 



S"(xo,ro) 



<if- y" u{y)dmN{y)-K-CmN{B^{xo,ro)) + K-C-J2^NiB^{xj,rj)) 



< +0O. 

Thus 



-oo < J u{y) dm N {y) < +00, 



and the claim follows. □ 

Remark. It is easy to see that (vii) does not anymore hold for quasi-nearly subharmonic 
functions. As a counterexample serves the function u : R2 ^ [-oo,+oo), 



u{x,y) :-- 



— oo, when y < 0, 
1, when y > 0, 

which is 2-quasi-nearly subharmonic, but surely not quasi-nearly subharmonic n.s. 



3. Separately subharmonic functions 

3.1. A counterpart and a generalization to Theorem A is the following simple result: 

Proposition 3. Let Q be a domain in m,n> 2, and let Ki,K2 > 1. Let u : Ct 

[—CO, +oo) be a Lebesgue measurable function such that 

(a) for each y G M" the function 

0(?y) 3 X ^ u{x, y) € [— oo, +oo) 

is Ki-quasi-nearly subharmonic, 

(b) for almost every x € M™ the function 

Cl{x) 9 ?/ 1— > u{x, y) e [— oo, +oo) 
is K2- quasi-nearly subharmonic, 



(c) there exists a non-constant permissible function ip : [0, +00) —^ [0, +00) such that 
Then u is ^^^^^"^^f"^^^-^ -quasi-nearly subharmonic in O. 

Proof. We begin by showing that is locally bounded above in O. Since permissible 
functions are continuous, ■0 o it+ is Lebesgue measurable. Take (a, 6) G O and R > 
arbitrarily such that B^+^{{a,b), R) C il. Take (xq, yo) e B'"(a, f ) x f ) arbitrarily. 

Using assumptions (a) and (b), Proposition 2 (v) and Proposition 1 (iv), Fubini's Theorem 
and assumption (c), one obtains: 

K f 

(V'ou+)(a;o,2/o) < r^— / {ip o u'^){x,yo) dmm{x) 

(, 4 j J 

B"'(xo,f ) 



< 



R\m f [ ffiw / {^ou+){x,y)dmn{y)]dmm{x) 



B-G^n.f) B"(yo,f) 

^4 ''"'+"^'^^'" - L_ f {i^ou+){x,y)dmm+n{x,y) 

B'^+"((a,b),R) 

< +00. 

Thus o w+ is locally bounded above in Ct. Using then properties of permissible functions, 
one sons oasily that also w+ is locally bounded above in fi, thus locally integrable in fl. 

Proceeding then as above, but now tp replaced with the identity mapping, and re- 
placed with um, for an arbitrary M > 0, and choosing {xq, yo) = {a,b), one sees that 

UM{a,b) < / UM{x,y)dmm+n{x,y). 

Thus u is 'i^"'tn^^^'' -quasi-nearly subharmonic in □ 

Next we give: 

Theorem 1. Let fl be a domain in M™+", m,n > 2, and let K > 1. Let m : f2 ^ [—00, +00) 
be a Lebesgue measurable function such that 

(a) for each y € M" the function 

9 a; I— > u{x, y) e [—00, +00) 

is 1-quasi-nearly subharmonic, 

(b) for almost every x G M™ the function 

Q{x) B y u{x, y) G [—00, +00) 

is K -quasi-nearly subharmonic n.s., 

(c) there exists a non-constant permissible function ip : [0, +00) [0, +00) such that 

Then u is K -quasi-nearly subharmonic n.s. in Vt. 

Proof. By Proposition 3 u is quasi-nearly subharmonic in fi. Thus is locally integrable 
in Q.. 



It remains to show that for all (a, 6) e O and R> Q such that B'"+"((a, 6), i?) C f2, 

K 



K 

"("'^)^ 5;;rT7 / u{x,y)dmm+n{x,y). 



B"<-+''{{a,b),R) 
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To see this, we proceed in the following standard way, see e.g. [Her71, proof of Theorem a), 
pp. 32-33]: 

K f 

5— / u{x,y)dmm+n{x,y) 

B"^+^{(a,b),R) 

= , / [(fi^-|x-a|^)t ^ [ u{x,y)dmMdrr 

^'m+n-tt'"+" J Vn{R^- | a; - a |^) 2 J 

'^um+n / {R^-\x-a\^)^u{x,b)dmm{x)>u{a,b). 

B"^(a.,R) 

Above we have used, in addition to the fact that, for almost every x G R™, the functions 
w(a;, •) are iV'-quasi-nearly subharmonic n.s., also the following lemma. (The proof of the 
Lemma, see [Her71, proof of Theorem 2 a), p. 15], works also in our slightly more general 
situation.) 

Lemma. ([Her71, Theorem 2 a), p. 15]) Let v be nearly subharmonic (in the generalized 
sense, defined above) in a domain U ofR^, N > 2, ip G £°°(K^), ip > 0, ip{x) = when 
I X |> a and '4>{x) depends only on\ x\. Then -k v > v and tp-kv is subharmonic in Ua, 
provided J tp{x)dmN{x) = 1, where Ua = {x G U : B^{x,a) C U}. 

□ 

Choosing = 1 in Theorem 1 we get: 

Corollary 1. Letfl be a domain mM"*+", m, n > 2. Letu : O — > [— oo, +oo) be a Lebesgue 
measurable function such that 

(a) for each y € M"" the function 

r2(y) 3 x^ u{x, y) e [— oo, +oo) 

is nearly subharmonic, 

(b) for almost every x & the function 

Q.{x) 3 y ^ u{x, y) e [— oo, +00) 

is nearly subharmonic, 

(c) there exists a non-constant permissible function ip : [0, +00) — > [0, +00) such that 

Then u is nearly subharmonic in il. 

Before giving two further corollaries to Theorem 1, we state a more or less well-known 
measurability result. Our proof is an improved version of the proof of [Rii84, Lemma 3.2, 
pp. 103-104]. For a related result, with a different proof, see [Ar66, Lemma 1, p. 624]. 

Lemma. Let U be a domain in and V be a domain in R" , m, n > 1. Let v : U xV —^ 
[—00, -t-00) be such that 

(a) for each y GV the function 

U 3 X v{x, y) e [—00, +00) 
is Lebesgue integrable and, for almost every y GV and every x € U, 



-j^-^ j v{z,y)dmm{z) ^ v{x,y) 



as r — > 0, 
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(b) for each x € U the function 

V 3 y i-^ v{x, y) e [—00, +00) 
is upper semicontinuous. 
Then v is Lebesgue measurable. 

Proof. It is clearly sufficient to show, that for any M > 0, the function vm = niax{w, — M} + 
M is measurable. Thus we may suppose that v>Q. 
For each r > define hr : U xV ^"M., 



hr{x,y) = —^ [ v{z,y)dmm{z). 



Here we understand that v{z,y) = whenever {x,y) G (M™ x R") \ {U x V). 

To see that for each x £ U the function hr{x, •) is measurable, we proceed as follows. 
Write Vk = mm{v, k} and : U xV -^R, 



h^{x,y) = —^ f Vk{z,y)dmm{z), 



A: = 1, 2, ... . Take y <E V and a sequence yj y, yj S V, j = 1,2, ... , arbitrarily. Using 
Fatou's Lemma one gets, 

limsupft^(a;,i/j) =limsup — ^ j Vk{z,yj)dmm{z) 
< — ^ / linisupvk{z,yj)dmm{z) 

B"»(a;,r) 

I Vk{z,y)dmm{z) = h^{x,y). 

Thus h^{x,-) is upper semicontinuous in V. Using then Lebesgue Monotone Convergence 
Theorem one sees that, for each x G U, 



lim h^{x,y)= lim — \- [ Vk{z,y)dmm{z) 

fc— >+C!0 fc— >+cxD Umf J 

B"*(x,r) 

^ lim vk{z,y)dmm{z) 

— *+oo 

v{z,y)dmm{z) = hr(x,y). 



S"»(x,r) 

1 



S"'(x,r) 

Hence hr{x, •) is measurable. 

To see that for each y G V the function hr{-,y) is continuous in ?7, we proceed as follows. 
Take x,Xo gU arbitrarily. Then 

\hrix,y)-hr{xo,y)\=\ — ^ / v{z,y)dmm{z) ^ / v{z,y)dmm{z) \ 

B"^{x,r) B"^(xo,r) 

< j I v{z,y) I dnimiz), 

S"»(a;,r)AS'"(xo,r) 

and the continuity follows. 
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From a classical result, originally due to Lebesgue, it follows then that hr is measurable. 
Since for almost every y GV and every x G U, 

\imhr{x,y) = v{x,y), 

r— >0 

we see that v is measurable, concluding the proof. □ 

Next a continuity result: 

Corollary 2. Let Q be a domain in M'"+", m,n>2, and let K >1. Let u : Q 
[—00, +00) be such that 

(a) for each y € M" the function 

ri(jy) 3x1-^ u{x, y) G [—00, +00) 

is nearly subharmonic, and, for almost every y € M", subharmonic, 

(b) for each x € the function 

fl{x) 3 y ^ u{x, y) e [—00, +00) 
is upper semicontinuous, and, for almost every x € M™, K-quasi-nearly subharmonic 

U.S., 

(c) there exists a non-constant permissible function V' : [0, +00) — > [0, +00) such that 
Then for every (a, b) € fJ, 

limsup u{x,y) < Ku'^{a,b). 



Proof. By the above Lemma u is measurable. By Theorem 1 above, u and thus also u+ 
are ii'-quasi-nearly subharmonic n.s. Thus is locally bounded above in f2. Since also 
satisfies the assumptions of the corollary, it is sufficient to show that for any (a, b) € fi, 

limsup u^{x,y) < K u'^{a,b). 



Take (a, 6) e f7 and Ri > and i?2 > arbitrarily such that B™(a,i?i) x S«(&,i?2) C fl. 
Choose an arbitrary A G M such that u~^{a,b) < A. Since M+(a, •) is upper semicontinuous, 
we find -R2, < i?2 < -R2, such that 



[ u+{a,y)dmn{y) < X. 
I'll ^2 J 



Using the fact that, for almost every y e M", the function is subharmonic, we get 

-j-^ j u^{x,y)dmm{x) ^ u^{a,y) as r ^Q. 

B"<-{a,r) 

Since is locally bounded above, one can use Lebesgue Monotone Convergence Theorem. 
Thus we find R[, < R[ < Ri, such that 

I p/m / u+{x,y)dm^{x)]dmn{y) < X. 
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Choose ri, < ri < R'l, and r2, < r2 < JR^, arbitrarily. Then for each (x, y) £ B^{a, r\) x 



B™(x,i?'i-ri) 
B™(x,i?i-ri) B^{y,R'^-r2) 



Sending then ri — > 0, r2 — > 0, one gets 

hmsup u'^{x,y) < K ■ X, 

concluding the proof. □ 

Remark. The above proof is essentially the same as [Ri89, part of the proof of Theorem 1, 
pp. 70-711, wlioro wo gavo a short proof for the upper semicontinuity of a locally integrable 
separately subharmonic function. 

Our last corollary improves our Theorem A, and thus also the cited results of Lelong, 
Avanissian and Arsove. 

Corollary 3. Let ft be a domain in R™+", m,n>2. Let u : fl ^ [—oo, +oo) be such that 

(a) for each y € M" the function 

0(?y) 3x1-^ u{x, y) G oo, +oo) 

is nearly subharmonic, and, for almost every y G M", subharmonic, 

(b) for each x S the function 

Q.{x) 3 y u{x, y) e [— oo, +00) 

is upper semicontinuous, and, for almost every x G M™, subharmonic, 

(c) there exists a non-constant permissible function ip '■ [0, +00) [0, +00) such that 

Then u is subharmonic in f2. 

Proof. By the above Lemma, u is measurable. By Corollary 1, u and thus also Um = 
max{u, — M} + M, for each M > 0, are nearly subharmonic. It is clearly sufScient to show 
that Um is upper semicontinuous. Since Um satisfies the assumptions of Corollary 2, the 
claim follows. □ 

Remark. Compare the above short proof for Corollary 3 to the proofs of the previous 
results [Le45, Theoreme 1 bis, pp. 308-315], [Av61, proofs of Proposition 10 and Theoreme 9, 
pp. 137-140], see also [Her71, proof of Theorem, pp. 31-32], and [Ar66, proof of Theorem 1, 
pp. 624-625]. It is, however, worth while to point out that still another, a new and perhaps 

an even more direct proof for Corollary 3 exists: 

A direct proof for Corollary 3. Since by Corollary 1 u is nearly subharmonic, it remains to 
show that u is upper semicontinuous. But this follows at once from the following lemma 



(whose proof, see [Her71, pp. 34-35], uses the simple iterated mean value inequality, but not 
the general mean value inequality!): 

Lemma. ([Her71, Proposition 2, p. 34]) Let Q be a domain in 1R™+", m,n>2. Let 
u : Q, —^ [— oo, +00) be nearly subharmonic and such that 

(a) for almost every y € M" the function 

n(j/) 3 X u{x, y) € [—00, +00) 

is subharmonic, 

(b) for almost every x S the function 

Q.{x) 3 y^ u{x, y) e [—00, +00) 
is nearly subharmonic. 

Then the same subharmonic function u* is obtained by regularization either with respect to 
{x,y) or with respect to y only (owing to dissymmetry in the assumptions). 

□ 

3.2. Remark. Unlike in Theorem A, the measurability assumptions in Proposition 3 and 

Theorem 1 arc now necessary. With the aid of Sierpinski's nonmcasurablc function, given 
e.g. in [Ru79, 7.9 (c), pp. 152-153], one easily constructs a nonmeasurable, separately quasi- 
nearly subharmonic function u : ^ [1,2]. Indeed, let Q = {0} x Q x {0} C M x x M, 
where Q C is the set of Sierpinski, sec [Ru79, pp. 152-153, and Theorem 7.2, p. 146]. 
Then the function v{zi,Z2) = v{xi,yi,X2,y2) := 2 — Xq{zi,Z2) is clearly nonmeasurable, 
but still separately quasi-nearly subharmonic, see Example 1 in 2.3 above. 

4. The result of Arsove 

4.1. Next we give a shght generahzation to a result of Arsove and of Cegrell and Sadullaev, 
Theorem B above. For the short proof given below, compare also the proofs of the special 
case results [Ar66, proof of Theorem 2, p. 625] and [Ri062, proof of Theorem B, 4.2]). 

Theorem 2. Let Q be a domain in M™+", m,n>2, and K >1. Let u : Q — » M 6e such 
that 

(a) for each y € M" the function 

r2(y) 3 X ^ u{x, y) € M 

is K- quasi-nearly subharmonic n.s., 

(b) for each x G K™ the function 

Q.{x) 3 y ^ u{x, y) e K 

is harmonic, 

(c) there is a nonnegative function tp € £^^^($7) such that —tp < u. 
Then u is K- quasi-nearly subharmonic n.s. in O. 

Proof. It is easy to see that u is Lcbcsgue measurable. (See the end of the proof of the 
above Lemma in 3.1.) By Theorem 1 above it is sufficient to show that G Write 
V := u -\- (fi. Then < u+ < u. It is sufficient to show that v G Ll^^{Cl). Let (a, b) G ft and 
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i? > be arbitrary such that B"^{a,R) x B"{b,R) C n. Then 
' ^ m^UB-ia''R).BHb,R)) I ^)'^--+"(^' ^) 

{x,y)dmn{y) -\ ^ / ip{x,y)dmn{y)]dmm{x) 

Bn{b,R) 

j [u{x,b) + -^^^^ j ip{x,y)dmn{y)]dmm{x) 

{a,R) B"{b,R) 

J u{x,b)dmm{x) + ^ j [-j—^, j v{x,y)dmn{y)]dmm{x) 



B">{a,R)xB"{b,R) 

K /■ . 1 

'vmR" 

B"^{a,R) B"{bM) 

K 



VmR"" J Vr,R" 

B^{a,R) B^(b,R) B'^{b,R) 

K 

fmR" 

B"^{a,R) B^{b,R) 

K f K /■ . 1 

VmR" 

B"^{a,R) B^{a,R) B"{b,R) 

K r K 



J u{x,b)dmm{x) + ^ sHb,R)) I 'Pi^,y)dmm+n{x,y) 



Bm(a,R) B"^{a,R)xB'^{b,R) 

< + 00. 



□ 



The following corollary improves the result of Arsove and Cegrell and Sadullaev, Theo- 
rem B above: 

Corollary. Let fl be a domain in M"*+", m,n>2. Let u : Q be such that 

(a) for each y € M" the function 

^{y) 3 X u{x, y) € M 

is nearly subharmonic, and, for almost every y € M", subharmonic, 

(b) for each x € the function 

is harmonic, 

(c) there is a nonnegative function ip G ^ioc(^) such that —ip < u. 
Then u is subharmonic in Q,. 

Proof. By Theorem 2, « e and thus also u+ € Thus the claim follows from 

the above Corollary 3. □ 

4.2. Also the following result gives a partial generalization to Theorem B above. It gener- 
alizes slightly [CS93, Corollary, p. 82], too. 

Theorem 3. Let Q. be a domain in M™+", m,n>2. Let u : fl ^ [0,-|-oo) be such that 

(a) for each y € M" the function 

fl{y) 9 X i-^- u{x, y) S [0, +00) 

is quasi-nearly subharmonic, 

(b) for each x € the function 

Q{x) 9 y I— > u{x, y) e [0, +00) 
is a X-Harnack function, where A € (0, 1) is fixed. 
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Then u is quasi-ne.arly subharmonic in Q. 

Proof. It is well-known that u is Lebesgue measurable, see the proof of the previous Lemma, 
above in 3.1. Let (a, b) e Q and i? > be arbitrary such that ^"^+"((0, 6), i?) C ft. Choose 
{xo,yo) G B"^{a, -j) X B'^{b, ^) arbitrarily. Since u{-,yo) is quasi-nearly subharmonic, one 
has, for some K > 1, 

K r 

u{xo,yo)< — / u{x,yo)dmm{x). 

I'm y a) J 

B"'(xo,f ) 

On the other hand, since the functions u{x,-), x G B"^{a,^), are Harnack functions in 
-j), there is a constant C = C{n,X,Cx,R) (here A and Cx are the constants in 2.2.) 
such that 

1 < u{x,yo) ^ ^ 
C ~ u{x, b) ~ 

for each x e B"(a, f ). See e.g. [ABROl, proof of 3.6, pp. 48-49]. Therefore 

K f 

u{xo,yo)< 7^T~ / Cu{x,b)dmm{x) 

C • K f 

- TRw / U{x,b)dmrr^{x) 



^ 4™C • K 



J u{x,b) dmm{x) < +00. 



Thus u is locally bounded above in B"^{a, -j) x B'^{b, -j), and therefore the result follows 
from Proposition 1 (v) and Proposition 3 above. □ 



5. The result of Kolodziej and Thorbiornson 

5.1. In our generalization to the cited result of Kolodziej and Thorbiornson, we use the gen- 
eralized Laplacian, defined with the aid of the Blaschke-Privalov operators, see e.g. [Sz33], 
[Sa41], [Ru50], [Br69], [P170], [Sh71] and [Sh78]. Let £» be a domain in M^, N>2, and 
/ : D -> E, / G i^l^iD). We write 

AJix) : = hminf ^^^^ • [-1^ / f{x')dmr,{x') - f{x)] , 
r— >o r uj^r J 

B^{x,r) 

A* fix) : = hmsup ^!^[±11 . / /(x')dm;v(x') - fix)] . 

If AJix) = A* fix), then write A/(a;) := A,/(x) = A*/(a;). 
If / G e^iD), then 

^/(^) = (Eai)(^)' 

the standard Laplacian with respect to the variable x = ix\,X2, ■ ■ ■ ,Xn)- More generally, if 
x G D and / G t^ix), i.e. / has an total differential of order 2 at x, then A/(a;) equals 
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with the pointwise Laplacian of / at x, i.e. 

N 

Here Djjf represents a generaUzation to the usual j = 1,2, . . . , N . See e.g. [CZ61, 

p. 172], [Sh56, p. 498], [Sh71, p. 369] and [Sh78, p. 29].' 

Recall that there are functions which are not but for which the generalized Laplacian 
is nevertheless continuous: 

Example 1. ([Sh78, p. 31]) The function / : ^ M, 

— 1, when xn < 0, 
f{x) := < 0, when Xn = 0, 
1, when Xn > 0, 

is non-continuous, but nevertheless A/(.x) = for all x € R^. 

Example 2. Let 1 < A; < and let E = {(0,0, . . . ,0)} x M^-'^ C M^. Let < A < 1. 
Define / : ^ K, 

f{x) = f{xi,X2,...,Xk,Xk+i,...,XN) := (^\/xl+xl-\ \-xlj . 

Then / is continuous and subharmonic in M.^ , but not in e^(R^). Nevertheless, A/ is 
defined everywhere in M^, equals +oC' in E, and continuous in M^, in E in the extended 
sense, with respect to the spherical metric: 

f^=fc4=f when a, 5 e [0, +oo), 
q{a,b) := <^ v^v'W ^ ' " 

{ Vi+a'-' when a G [0, +00) and b = +00. 

Observe that ([0, +00], q) is a complete metric space. 

If / is subharmonic on D, it follows from [Sa41, p. 451] (see also [Ru50, Lemma 2.2, 
p. 280]) that A/(a;) := A^f{x) = A*f{x) e R for almost every x € D. 

Below the following notation is used. Let O is a domain in R"*+", m, n > 2, and u : 
12 ^ R. If y G R" is such that the function 

fl{y) 3 X i-> f{x) := u{x,y) G R 

is in L\^^{^l{y)) , then we write Ai«u(a;, y) := A«/(a;), A\u{x, y) := A*f{x), and Aiu{x, y) := 
A/(ar). 

5.2. Then a generalization to the cited result Theorem C of Kolodziej and Thorbiornson 
[KT96, Theorem 1, p. 463]. Our result improves our previous result [Ri072, Theorem 1, 
p. 438]: Our assumptions (d) and (e) are now essentially milder than previously. Conse- 
quently, the present proof includes new ingredients, too. 

Theorem 4. Let Q be a domain in R™+", m, n> 2. Let u : Q — > R 6e such that 

for each {x',y') G there is {xo,yo) € ft and ri > 0, r2 > such that {x',y') G 
B"^{xo,ri) X B^{yo,r2) C B"^{xo,ri) x B"{yo,r2) C O and such that the following con- 
ditions are satisfied: 

(a) For each y € S"(?/o,r2) the function 



B"*(a;o,ri) 9 a; i-> u{x,y) e 
is continuous, and subharmonic in B'^{xo,ri). 
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(b) For each x € B"^[xo,ri) the function 

S"(i/o,7-2) 3 y^u{x,y)eR 

is continuous, and harmonic in i?"(j/0 7^2)- 

(c) For each y e i3"(yo, ?'2) one has Ai*m(x, j/) < +00 for each x G S™(:ro,?'i), possibly 
with the exception of a polar set in B''"{xo,ri). 

(d) There is a set H C B"{yQ,r2) , dense in B''^{yQ,r2), and an open set Ki C i?™(.To,ri), 
dense in B"'-{xo,ri) , such that for each y ^ H, for almost every x G B"'^{xQ,ri) and 
for any sequence Xj x, Xj € Ki, j = 1,2, . . . , the sequence Auu{xj, y) is conver- 
gent in ([0, +00], ci). 

(e) There is an open set K2 C B'^(xo,ri) , dense in B™{xo,ri), such that for each 
y € B"'{yo,r2), for almost every x G B'^{xo,ri), and for any sequence Xj —^x, 
Xj S K2, J = 1, 2, ... , there is a subsequence Xj^ such that 

Ai^u{xji,y) Ai^u{x,y) 

in ([0, +00], q) as I +00. 
Then u is subharmonic in fl. 

Proof. Choose , r'2 such that < r'l < ri, < r2 < 7*2, and such that {x' , y') G i3'"(xo, r^) x 
B^{yQ,r'2). It is sufficient to show that u \ B"^{xo,r[) x B^{yo,r2) is subharmonic. For the 
sake of convenience of notation, we change the roles of rj and r'j, j = 1,2. We divide the 
proof into several steps. 

Step 1. Construction of an auxiliar set G. 

For each A; e N write 

Ak := {x & B™{xo,r\) : —k < u{x,y) < k for each y G B^{yo,r2)}- 

Clearly A), is closed, and 

+00 

S'"(xo,ri) = U Ak. 

fe=i 

Write 

+CSO 

G := U intAfc. 

fc=i 

It follows from Baire's Theorem that G is dense in B™{xo,ri). 

Step 2. The functions Airu{x,-) (see the definition below), x G G, < r < rx ■= 
dist(x, B"*(a;o, ri) \ G), are nonnegative and harmonic in B'"{yo,r2)- 

For each {x,y) e _B™(.To,ri) x _B"(t/o,''2) and each r, < r < dist(a;, 9B'"(a;o, r^)) 
(observe that dist{x,dB^"'{xQ,r[)) > r[ — ri > 0), write 

Airu{x, y) := ^^"^^^^ • [ — ^ f u{x', y) dmm{x') - u{x, y)] 

[u{x + x', y) - u{x, y)] dmm{x'). 

B™(0,r) 

Since u{-, y) is subharmonic, Airu{x, y) is defined and nonnegative. Suppose then that x G G 
and <r <rx. Since B^{x,r) C G and Ak C A^+i for all A: = 1, 2, ... , B"^{x,r) C intAjv 
for some N gN. Therefore 

-N < u{x', y)<N for all x' G B'"(a;, r) and y G B"(yo, r2), 
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2(m + 2) 



and hence 

(3) -2N <u{x + x',y)-u{x,y) <2N for all x' e B"'{0,r) and y G B"(yo, ^•2)- 

To show that Airu{x, •) is continuous, pick an arbitrary sequence yj yo, yj,yo G B"[yo, r2), 
j = 1, 2, ... . Using then (3), Lebesgue Dominated Convergence Theorem and the continuity 
of u{x, •), one sees easily that Airu{x, •) is continuous. 

To show that Airu{x, •) satisfies the mean value equality, take yo G -B"(yo) ^"2) and p> 
such that B"(yo,p) C 5" (2/0,^2)- Because of (3) we can use Fubini's Theorem. Thus 

Airu{x,y)dmn{y) 



f ^ 2(m + 2) ^ — 1_ , [u{x + x',y)-u{x,y)]dmm{x')}dmn{y) 



/ I r / [u[x + x ,y)-u{x,y)\dmn{y)}dmra{x) 

[u{x + x', yo) - u{x, yo)] drrimix') 



2(m + 2) 1 



B™(0,r) 

= Airu{x,yo)- 

Step 3. The functions Aiu{x,-) : B"'{yo,r2) ^ x G Gi (see below for the definition of 
Gi), are defined, nonnegative and harmonic. 

By [RuoO, Lemma 2.2, p. 280] (see also [Sa41, p. 451]), for each y e B"-{yo,r2) there is 
a set A{y) c B"^{xo,ri) such that 771^(^(2/)) — and that 

Ai*M(a;,y) = Alu{x,y) = Aiu{x,y) € R 

for all X G B"^{xo,ri) \ A{y). We may clearly suppose that H is countable, H = {y/., k = 
1,2,...}. Write 

+ CXD 

A:=[jA{yk). 

k=l 

Since G is open and dense in _B™(xo,ri) and A is of Lebesgue measure zero, also Gi :— G\A 
is dense in iJ™(xo,ri). Take a; G Gi and a sequence rj ^ 0, < < r^;, j = 1, 2, . . . , 
arbitrarily. Since x G Gi, we see e.g. by [Her71, Corollary 3, p. 6] (or [AGOl, Lemma 1.5.6, 
p. 16]), that the family 

Air-u{x,-), j = 1,2,..., 

of nonnegative and harmonic functions in B'^{yo,r2) is either equicontinuous and locally 
uniformly bounded, or else 

sup Aij..u{xj,-) = +00. 
3=1,2,- 

On the other hand, since a: G Gi, we know that 

Airju{x, yk) Aiu{x, yk) G M as j ^ +00, for each yk € H, k = 1,2, . . . . 

Therefore, by [Va71, Theorem 20.3, p. 68] and by [Her71, c), b), pp. 2, 3] (or [AGOl, 
Theorem 1.5.8, p. 17]), the limit 

Aiu{x,-)= lim Air.u(x, •) 

exists and defines a harmonic function in B"{yo,r2). Since the limit is clearly independent 
of the considered sequence rj, the claim follows. 
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step 4. The. function Aim(-,-) | G2 x B"'{yo,r2) has a continuous extension Aiu(-,-) : 
B X B"'{yo,ro) M (see below for the definitions of G2 and B). Moreover, the functions 
Aiu{x,-), X € B, are nonnegative and harmonic in B'^{yo,r2)- 

For each yk €: H , k = 1,2, . . . , write 
B{yk) := {xe B'^{xq, ri) : \/xj x, Xj € Ki, j = 1,2, . . . , Auu{xj,yk) is convergent }. 
By (d), mm{B"^{xo,ri)\B{yk)) = for all fc = 1, 2, . . . . Write then 

+00 

B, ■.= f]B{yk)\A. 
fe=i 

Clearly mm{B'^{xo,ri) \ Bi) = 0. Similarly, for each y G B"(?/o,r2) write 

B'{y) — {x G B™(a;o,ri) : ^xj x, xj G K2, j = 1,2, . . . , Bxj^, 1 = 1,2,..., s.t. Auu{xji,y) Ai^u{x,y) } 
and 

+ C30 

B2 := fl B'{yk), B = Bin B2, and G2 := [(G n i^i n K2) \ A] n {B^ n B2). 
fc=i 

By (e), m„i(i?™(xo, ri) \B) =0. One sees at once that G2 C B is dense in i3™(xo,ri). To 
show the existence of the desired continuous extension, it is clearly sufficient to show that 
for each {xo,yo) G B x B'^{yo,r2), the limit 

lim A\u{x,y) 

exists. (This is of course standard, see e.g. [Di, (3.15.5), p. 54].) To see this, it is sufficient 
to show that, for an arbitrary sequence {xj,yj) {xo,yo), {xj,yj) G G2 x -B"(yo, ''2), 
j = 1,2, . . . , the hmit 

lim Aiu{xj,yj) 

exists. But this follows at once from the following facts: 

a) The functions Aiu{xj, ■), j = 1,2, . . . , are nonnegative and harmonic in B"'{yQ, r2), 
by Step 3. 

(3) For each yk G H , k — 1,2, . . . , the sequence Aiu{xj,yk) — Ax^u{xj,yk) converges to 
Ai*u(xo, t/fe) = Aiu{xQ,yk) in ([0, +00], q) as j +00. Moreover, Aiu{xo, y^) G M, 
(this follows from (d), (e) and from the fact that a;^ € G2, j = 1, 2, . . . , and xq G B). 

See [Her71, Corollary 3, p. 6, and c), b), pp. 3, 2] (or [AGOl, Lemma 1.5.6 and Lemma 1.5.10, 
Theorem 1.5.8, pp. 16-17]), and [VaTl, Theorem 20.3, p. 68]. By [AGOl, Theorem 1.5.8, 
p. 17]) one sees also the harmonicity of the functions Aiu{x, •) : B^{yQ, r2) x G B . 

Step 5. For each x e i3™(xo,ri) the functions 

B'^{yo,r2) 5 y ^ v{x,y) := j GBm(^^^^ri){3:,z)Aiu{z,y)dmm{z) gR 

and 

B"'{yo, 3 y h{x, y) := u{x, y) + v{x, y) e K 

are harmonic. Above and below GB">-(xo,ri){x, z) is the Green function of the ball B™{xo, ri), 
with X as a pole. 

Using Fubini's Theorem one sees easily that for each x G S"*(a;o,ri) the function 
v{x,-) satisfies the mean value equality. To see that v{x,-) is harmonic, it is sufficient 
to show that v{x,-) G Ll^^{B^{yo,r2)). Using just Fatou's Lemma, one sees that v{x,-) 
is lower semicontinuous, hence superharmonic. Therefore either v{x, •) = +00 or else 
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v{x, ■) € iil^^{B"'{yo, r2)). The following argument shows that the former alternative cannot 
occur. Indeed, for each x G B and for each & H , k = 1,2, . . . , 

Aiu{x,yk)= lim Aiu{x',yk)= , lini Ai^u{x' ,yk) = A-i^u{x,yk) = Aiu{x,yk) G 

x' — >x,x' X — >X,X^G2 

Hence v{x, yk) € M for each x G B"^{xQ,ri) and yk & H , k = 1,2, ... . Therefore, for each 
X e S"*(a;o,ri) also the function h{x, •) = u{x, •) + v{x, •) is harmonic. 

Step 6. For each y € B'^{yo,r2) the function 

B'^{xo,ri) 3X1-^ h{x, y) := u{x, y) + v{x, y) e M 

is harmonic. 

With the aid of the version of Riesz's Decomposition Theorem, given in [Ru50, 1.3, 
Theorem II, p. 279, and p. 278, too] (see also [Sh56, Theorem 1, p. 499]), for each y e 
B"{yo,r2) one can write 

u{x,y) = h{x,y) - v{x,y) 

where 

v{x,y) := j GBr^(xa,ri){x,z)Aiu{z,y)dmm{z) 

and h{-,y) is the least harmonic majorant oiu{-,y) \ B"^{xo,r\). Here v{-,y) is continuous 
and superharmonic in B'^{xQ,r{). 

As shown above in Step 5, Aiu(x,yk) = Aiu{x,yk) for each x G B and each yi- G H, 
k = 1,2,..., and thus v{-,yk) = v{-,yk) for each yk G H, k = 1,2,.... Therefore also 
h{-,yk) = h{-,yk) is harmonic for each yk €: H , k = 1,2, ... . To see that h{-,y) is harmonic 
also for y G i3"(yo. ?'2) \ H, proceed in the following way. Let B'{y) be the subset of 
S™(xo, ri), assumed in (e), see Step 4 above. Write G3 := [{G n JsTi n K^) \ {A{J A{y))\ n 
{B n B'{y)) and B' := {B n B'{y)) \ A{y). It is easy to see that G3 is dense in B'^{xo,r-C) 
and that nim{B'^{xQ,r{) \ B') = 0. Take x G B' arbitrarily. Choose a sequence Xj — > x, 
Xj € G3, j = 1,2, . . . . By assumption (c), there is a subsequence Xj^ such that 

Aiu{xji,y) = Ai*u(xj,,y) ^ Ai*u(x,y) = Aiu{x,y) 

as Z — > +00. On the other hand, since a;^, € G3, / = 1, 2, . . . , 

Aiu{xj^,y) = Aiu{xji,y) Aiu{x,y), 

we have Aiu{x,y) = Aiu{x,y). Since mm{B™{xo,r-i) \B') = 0, we have v{x,y) = v{x,y), 
and thus h{x,y) = h{x,y), for all x G B"^{xo,ri) and all y G B^{yo,r2). Therefore h{-,y) is 
harmonic for all y G B^^{yo,r2). 

Step 7. T/ie Mse 0/ ifte results of Lelong and of Avanissian. 

By Steps 5 and 6 we know that •) = is separately harmonic in i3"'(xo,ri) x 

B"(yo, ''2)- By Lelong's result [Le61, Theoreme 11, p. 554] or [Av67, Theoreme 1, pp. 4-5] (for 
a more general result, see [Si69, Theorem 7.1, p. 166, and Corollary, p. 145], see also [ImQO, 
Theorem, p. 9]), h{-, •) is harmonic and thus locally bounded above in B"^{xo,ri)xB"{yo,r2). 
Therefore also u{-, •) is locally bounded above in B'^{xo,ri) x B'^{yo, r2). But then it follows 
from Avanissian's result [Av61, Theoreme 9, p. 140] (or [Ar66, Theorem 1, p. 622] or 
[Ri89, Theorem 1, p. 69]) that (/(•, •) is subharmonic on i?™(xo,ri) x _B"(?yo, ?'2)- D 

5.3. Another variant of the above result is the following, where the assumption (e) is 
replaced with a certain "continuity" condition of v{-, •) in the second variable. Our result is 
an improved version of the result [Ri072, Theorem 2, pp. 442-443]: Again the conditions (d) 
and (c) arc essentially milder and consequently the proof contains new ingredients. 

Theorem 5. Let fl be a domain in m,n>2. Let u : fl —^ be such that 

for each {x',y') G O there is {xo,yo) S ft and ri > 0, r2 > such that {x',y') G 
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B"^{xo,ri) X B^{yo,r2) C B"^{xo,ri) x B^{yo,r2) C and such that the following con- 
ditions are satisfied: 

(a) For each y € B"-{yo,r2) the function 

B™(a;o,ri) 3 x u{x, y) gR 

is continuous, and subharmonic in B'^{xo,ri). 

(b) For each x G B™{xo,ri) the function 

^"(1/0,^2) 3 y^u{x,y)GR 

is continuous, and harmonic in i?"(j/0 7^2)- 

(c) For each y e B"'{yo, r2) one has Ai*u(a;, y) < +00 for every x e i?'"(xo, ri), possibly 
with the exception of a polar set in (xq , ri ) . 

(d) There is a set H C B"'{yo,r2) , dense in B^{yQ,r2) , and an open set Ki C B"^{xo,ri), 
dense in B"^{xo,ri), such that 

(dl) for each y G H , for almost every x G B'^(xq, ri) and for any sequence Xj x, 
Xj G K\, j = 1,2, . . . , one has 

A-i^u{xj,y) Auu{x,y) 

in ([0. +00], q) as j — > +00, 
(d2) for some y G H one has 

sup Aitu{x,y) < +00. 

(e) There is a set K2 C B™'(xQ,ri) , dense in B'^{xo,r\), such that for each x G K2 and 
for each y G B^{yQ, r2) there is a sequence yk ^ V , Vk G H , k = 1,2, . . . , such that 

j GB'^{xo,ri){x,z)Aiu{z,yk)dmm{z)^ J GB'n(xon){x,z) Aiu{z,y)dmm{z) 

as k ^ +00. 

Then u is subharmonic in Q.. 

Proof . The proof differs from the proof of Theorem 4 above only in Steps 4 and 6, in the 
following way. 

Step 4. The function Aiu{-,-) \ G'2 x i?"(j/o,?'2) has a continuous and bounded extension 
Aiu{-, •) : Bi X _B"(yo,f2) ^ R (for the definition of Bi, see above the proof of Theorem 4, 
for the definition of G'2 see below). Moreover, the functions Aiu{x,-), x G Bi, are nonneg- 
ative and harmonic in B^{yo,r2), and one may suppose that they are uniformly bounded in 
B"{yo,r2) by a fixed constant M. 

Write G'2 := Gn KiC] Bi. Since mm{B'^ixo,ri) \ Bi) = 0, one sees at once that G'2 
is dense in (xq , ri ) . To show that Aiw(-,-) | G'2 x B^{yQ,r2) has a continuous extension 
A\u{-, ■) : Bi X B"(j/oj ^2) R, just proceed as above in the proof of Theorem 4, Step 4. 

Also the harmonicity of the functions Aiu{x, ■), x G B\, follows as above. In addition, 
because of assumption (d2), one sees that now the family 

A\u{x, ■) = Aiu{x, ■), X G G'2, 

and thus also the family 

Aiu{x, ■), X G Bi, 

of nonnegative harmonic functions in B'"{yo,r2), is uniformly locally bounded in B"(j/o,r2). 
As a matter of fact (see the beginning of the proof of Theorem 4) , we may suppose that these 
families are even uniformly bounded in i?"(2/o> ''2), by a fixed constant M, say. Therefore 
also Aiu{-,-) is bounded in Bi x B'^{yo,r2) by this same M. 
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step 6. For each y € B^{yQ,r2) the function 

B™'{xo,ri) 3 h{x, y) := u{x, y) + v{x, y) e M 

is harmonic. 

With the aid of the cited version of Riesz's Decomposition Theorem, one can again, for 
each y e B"(?/o,r2), write 

u{x,y) = h{x,y) - v{x,y) 

where v{-, y) is continuous and superharmonic in S"' (xq, ri) and h{-, y) is the least harmonic 
majorant of u{-,y) \ B'^{xo,ri). As in the proof of Theorem 4, Step 6, one sees that for all 
yk & H , k = 1,2, . . . , the function h{-, yk) — h{-, yk) is harmonic in B"^{xo, ri). To see that 
h{-,y) is harmonic also for y G i?"(yo,''2) \ B, just use the present assumption (e), in the 
following way. Choose y G i?"(yo,^'2) and x <E K2 arbitrarily. Take then a sequence y, 
y'l^ ^ H , k — 1,2, ... . Then the functions h{-, y'^.) = h{-, y'f.), k — 1,2, ... , are harmonic in 
B"^{xo, ri). By the assumption (e), v{x, y'^.) — > v{x, y) as k ^ +00. On the other hand, since 
v{x,-) is harmonic, v{x,y'f.) v{x,y) as A; — > +00. Since v{x,y'j,) = v{x,y'i^), k= 1,2,..., 
we see that v{x, y) = v{x, y) for each x e K2. Using then the facts that v{-, y) is continuous, 
that, by [Hel69, Theorem 6.22, p. 119], say, also v{-,y) is continuous (recall that Aiu(-,-) is 
continuous and bounded in Bi x B"{yo, r2), and that m„i (B™ (.tq , ri) \ Bi) = 0, sec Step 4 
above), and that K2 is dense in B"^{xo,r2), we see that v{-,y) — v{-,y). Therefore for all 
a;eB™(a;o,ri), 

h{x, y) = u{x, y) + v{x, y) = u{x, y) + v{x, y) = h{x, y), 

and the harmonicity of h{-,y) in B'^{xo,ri) follows. 

Now we know that h{-,-) is separately harmonic in B™{xo,ri) x B"{yo,r2). The rest of 
the proof goes then as in Step 7 of the proof of Theorem 4 above. □ 

5.4. The assumptions of Theorems 4 and 5 above, especially the (e)-assumptions, are un- 
doubtedly still somewhat technical. However, replacing Kolodziej's and Thorbiornson's 
assumption of the functions u{-,y) by the (spherical) continuity requirement of the general- 
ized Laplacians Aiu(-, y), we obtain the following concise corollaries to Theorem 4. Observe 
that generalized Laplacians of subharmonic functions may indeed assume also the value +00, 
see Example 2 in 5.1 above. 

Corollary 1. Let Q be a domain in m,n> 2. Let u: O — > R 6e such that 

(a) for each y € M" the function 

^{y) 3 x u{x, y) gM. 

is continuous and subharmonic, 

(b) for each x G M™ the function 

il{x) 3 y ^ u{x, y) G R 

is harmonic, 

(c) for each y € M" the function 

0(y) 3 X A-iu{x,y) G [0,+oo] 

is defined, continuous (with respect to the spherical metric), and finite for all x, 
except at m,ost of a polar set E{y) in 0,{y). 

Then u is subharmonic in fl. 

Corollary 2. ([Ri072, Corollary, p. 444]) Let n be a domain in m,n>2. Let 

u : O — > M 6e such that 
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(a) for each y € M"" the function 

^{y) B X u{x, y) gM. 

is continuous and subharmonic, 

(b) for each x € the function 

fl{x) B y u{x, y) e M 

is harmonic, 

(c) for each y € M" the function 

3X1-^ Aiu{x,y) e M 

is defined and continuous. 
Then u is subharmonic in f2. 
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